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ABSTRACT

We consider the steady two-dimensional flow under gravity of water from

one reservoir to another reservoir through a porous rectangular isotropic

homogeneous dam with impervious bottom . Using the maximum principle we

give a proof of the convexity of the free boundary .
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SIGNIFICANCE AND EXPLANATION

We consider the steady two-dimensional flow under gravity of water from

one reservoir (on the left) to a lower reservoir (on the right) through a

porous rectangular isotropic homogeneous dam with impervious bottom.

Because of gravity the water does not flow through the entire dam and the dam

is dry near its upper right corner. The interface separating the dry and

wet regions of the dam is a free boundary . Recently, Friedman and Jenkins

have proved that the free boundary is convex. We give a different proof

which uses only the maximum principle and its generalizations .
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A PROOF OF TIlE CONVEXITY OF TIIK FRE E BOUNDARY FOR POROU S FLOW TUROU~~II

A RECTA 1~IGULAR DAM USING THE MAXIMUM PRINCIPLE

i’ . W. Cryer

1. The Darn Problem

We consider the following Dani_Problem . Water flows ~teadiIy under gravity through

a porous xoctanqular isotropic homogeneous darn ABCF with impervious bottom BC of

length L from a reservoir of height H to a reservoir of height h (see Figure 1.1).

•rhe water-air interface AE is a free boundary which we denote by r.

— 
A — (O ,H) F • (L, H)

air
— 

‘...-
H . -- -- S.

water

~~~~~~~~~~~~~~~~~~~~~~ 1~ ~~~~~~~~~~~~~~~
5 —  (0 ,0) C (L , O~

~~jure l.l: !J2 _tJ~~~ ug h a rt tan~~~)~~r dam.

The ma thema t i ca l  problem t~~ as follows (Rear )L~ 72), Raiocchi )19721,

I t i Io~~I h i  and t~ ap~’io ( 1 9 78 ) 1 :

F ind functions ~~(x )  ( the  h e i gh t  of the free boundary) and u(x.yl (the

hydrau l t~ ’ head) such that. (from the equat ion of continuity and Darcy 1 s law)

*
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4 II 2div ( ‘ i t  id ul  — I — - -— I — u + u — ~ u • 0 , in 0 , (1.1)3 x (~

t X 3’,~ ~ t y xx yy

together w i th the boundary cI ’Ild t t ori

u — It , on AR , ( i n te r face  w i th  water at rest) • (1.2)

• ~l , on BC. (impervious boundary) . ( 1 .3)

u h. on i ’D , (interface with water at rest) • (1.4)

U — y, on PE, (interface with air) , (1.5)

U • y, on EA, (interface with air) • (l.()

— 0 , on EA , (streamline) . ( 1 . 7 )

Here, i~ is  the (unknown) domain ,

— ((x,y) 0 y < ~ (x), 0 •- x L} , (1.8)

and 
~

- denotes the unit outward normal derivative . The physical significance of u

is that

u — y ~ p/pg ( 1 . ”)

where q is the a c c e l e r a t i o n  due to gr a v i t y,  p is the fluid pressure, and 4 Is the

f l u i d  density .

The dam problem is a well-known problem in the theory of porous flow. cryer (1976 ,

p. 541 summarizes the numerous numer ical  solut ions. There are also three analytical

s o l u t i o n s  in v o l v i n g  elli ptic integrals: the first is due to Davison (1932, l’ )tt~,

P) 36a) ;  the second is due to Hamel (1934) and is described by Muskat (1937 , p. 3031

and Bear )l’72 , p. 1°t4); the third is due to Polubarinova—Kochina (l°~~ , P. 2841

(concernino misprints see Cryer [1076 , p. ~4I) . Although these analytical solut ions

are rather complicated , they can , and have , been evaluated numerically.

Despite the fact that the anal yt ical solution of the dam problem is known , the

problem i~ still frequently considered in t h e  literature because it serves as a useful

model problem for porous flow free boundary problemS. rn a pioneering paper,

L i i  iocchl F l°72 I reformir 1 ated t he  problem -is .i van at i na 1 I n e q u a l i ty  for the function

- -_______ _ _ _ _ _ _ _  
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~ (x)
w (x,y) • f ju(x, t )  — t ldt , (1.101

y

and derived many properties of w . Further properties of w and u — y - ~~ have

been obt .i i nod by C a f fa r el  11 t a  appea r )  , Pr iedmaii I 1976) , .l I9 l st ’?i 1 ’  1 7 1  , * 7 ) 1 Fr 1e’~lm , i r I

.tu~t .l t ’flSe n ( 1” I . A x I c l i  I SOII Il “7 .’ I ‘r i ves art expa nsio n for t lit’ solution near t st-paid—

t i O l l  ~ o l n t C , and A it ch i s o n  ( 1977)  gives numer ica l  solutions .

R e c e n t l y ,  Fr iedman and Jensen ( 1977)  have proved that r is convex under the

toll owxnq assumptions (wh ich  had previously been proved i n  the above-ment ioned work ‘i

Friedman,  Jensen,  and C a f f a r o ll i ) :

~ C2 ( 0) ( 1 . 1 1)

~ e C I 0 , L )  n C 2
(0 , L) . (l .l.~)

. is strictly monotone decreasing for it  ‘~ x -‘ L • (1.13)

u is bounded on l~ . (1.14)

Making the same assumptions we give a different proof of convexity which uses only t h e

maximum pri liciplo and its q en er a lj z a tj o n s . Sons proj i m io ar y  r e s u l ts  q e n o x a l  ap~~l i —

x l i  tv a to given in Sect ion 2
, and are then applied to the V -as. ’ i n  hand in  Sect to n  1

The basic ideas in Section 1 have been known to us for almost twenty years and were

originally motivated by proofs of convexity for fluid dynamics free boundary problems

(Birkhoff and Zarantonello (1957, p. 841, Gitbarg (1960, p. 373)). Since the approach

is effective in many fluid mechanics free boundary problems we hope that the same will

be true for porous flow free boundary problems.

The present paper illustrates the power of the maximum principle as a tool for

analyzing free boundary problems. It is appropriate to men’ ion tha t  the maximum

p r i n c i p l e  was probably first applied to the dam problem by Davison 119361 and Shaw

and Southwt 11 f 1~~4 l 1 .  Some additional references to the application of the m a x im u m

p r i n c i p l e  to free bou ndary problems are given by Cryer (1977 , Section 11.131.
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2 .  P t e 1 t m t i , a r ~’ Rosu l  I s on t h e ’ M a x i m u m  I t  i t )  ij~,lt and I’ i t  t t’rent i i i  . .- - yrn ’ t  I )

We w i l l  t e ’~itt i it .  se- ve t  i t  V e t s  1 - 1)5 of I t , , ’  maximum I i in  L i -I. - I ‘i ,i r ca l  I i i i , ? t a

u I whi cli i s  hatieani c l U  t bounded -toma i n  i. wit h ( ‘a i t l ij i t  ~ ,~ i l l  the ‘ ) fl) ( -l cx . -

x 4 iy  — plane . We assume’ that u is - ‘li t l o t i o n s  i i  ox c~’t I t t  11.4 1-s i t  a f i i t ) 1

numbe r of points z ,z . I
1 1  m

Th.’ Hoj-t l’ti fl’ ir l e’ t l’r’t t e l  and We’ i t i b et  - i ’  i I - . ‘ , - , i ’ ’  I • t .  i l har q  md l’t ud i i i - 11 - i  (1’ ’  - ‘

1 1 ) 1  : l e ’t  u t ~~ ) N i t t  ii , and u ( z 1 ) — N at  -‘ l~~- i t i t  •— e 4 . , ,  t i -  l - - i i ~~l . e i  v . 1

. 1  i ) u I-.- ‘ l it  l m i - t t ’~ .tt .iri , 1 ( i l l  c x i  51 ,* 1 .411 1~ C 
~. w i t  Ii

l’hcn t h e  ‘ii t e l ’  normal dci i vat iv.’ at  ~,i ,at •~ , i t  i t  exi sts , sat sf i

~n ‘

The Maximum Pt’ inc  t I ’ le  s t a t es  tha t  i f  ii i’ l l .  and u M on t lien u M

in  i~ . in  the .’ I’resent cent e~xt • this ~‘i i t ic i p i e ’  is i i,  0 , *t c r i i , a t e’ be, ’aua. ’ we ’ some’t imes

co ns idet  li~~tnx~u i. fu n ct  ions  which  are ~x s s it’ ly  no t - n I  i n n ~ ‘us it  t h e  boundary ~~~ nt  s

— A , ~~~., — ~‘ . and — I - (Fiqure 1 .1 ). We will say t h.i t it satisfies the

t enel .i l i ~~t’d M a x i m u m  Fr in ~’ij’l e i f

ti l L )  M , .~ I .~ i ;  z : ,  I -. m ~~

Lmp L tes

ti (z) .- N In  il

Remark 2 .1

It t (  ~. i s h.j i’moni a in the  unit - i  r a l e ’  1’ a i d  1 5 ,‘ont i nuous ‘ i i  P

i t  ~ • I , i t  is not necessar i ly  t iii.’ that v sat l e f t  ~-s the ~~,- t n ’ t  ,, Ii :. ‘d Max i mum

Princip le i s is  shown by t h e  t a I I ‘wi no e ’x,pt~ - l cc

i i ) I I  4 :1 t I — i~~ ’— v t r i’ 1 — V I I  , 131 — keg) I
I • r — .’i S 5 ) )

i.e a fun,’t t o n  wh i,-li is  •t e t I ned • ‘i i  the u n i t  i i  le I’ .an~I v — ‘ ~~ii ~~ I’~~~~t ’~~ l •it

t he ~~~‘ i cit — ~l • but  v i t  • -‘ as t • t . -‘

-4-
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v t )  • v i i  i i  — il _i - i  —— , - ,

2 —)I + i — 2i ~‘o~’ i~ )

- u t - t i e s  v , t , ’t •
~~~~ .is i ‘ I  t o t  i l l  i i .

~~~ In ‘r de ’c t o  t h e  ;.‘ns ’e •u I I  :csi Max imum i t  inc  i l l  0 1 ’ ’ ~~~~ l y  . u m u st  s at  t a t  ~~~~~~- ri.

l s - t u t l , - t i i e - ss ‘ ‘t i d i t  io n .  I n  t.i e t i ,  u I , u t  , i t  i s  k now n  ( . , ‘ I n ~~ i l l  Ll’ ~t’’’. p. —‘‘- -‘I ) t h a t  i t  U

i s  L ’s ’undc ’ t  at - ’’\’ e in  t~ t ‘ ( ‘n u sa t  i s f i e ’ s the.’ ~.~‘n ~’t , i I i~~e’d M a x i m u m  t t i n -  i~ ’I , ’ . The

to ’, loW m i  l emma o ive’S anothet- con d i t i o n .

- 
‘ l emma 2 .  1

c t  v be the harmon i~ - -on tuqat ’ e ‘f u in ~:. ~t is  well d.’t nest  •uiis l  single—

v .u  I u t ’si s in , ’,’ • i v  ,essum}’( t on • is •u dt~~~in anti lions -c s imp ly  co l inec  I .‘d. 1 Let ,4~ be’

.u t c t  i f  I ,tb I t - a I “cd ,1 ’ t d a i i  -u i - v.’ . i t  i v  ~ N in fat  some constdnt  N t l ion

u ia t  t a t  i e .’s the ~enei-at t:cd Maximum Principle.

. 1  t • .~ I:, ) d en ot e .’ the confoi’mal ma~’pt rig at  the unit disk P — I , ‘

in t lie.’ — p1 l i l t ’  an t  a . The f u ni’t tons u ( :1 and V I : .  1 at-c’ hai-moni c ‘oiiu ~iat  c’s i i i

.1 nd s, t he  I n n ,  - 1  i ,‘llS i i i - .  l I at~~ v ~ I :,) ) it  e ’ harmon t a a ’l1 l U0 .1 t t ’S in  P.

We’ t eca l 1 i~~s~ I ii: i i i  t 1’’t- ’’ • p .  1S ’ t t h a t  t he t l a t d y — t e’besque spa -c li • ‘otis i s I s  a t

t h e .’ l as s  at  fu n a t  ion ,’ ,~ det  i tied on P. w h ich  die’ h arm on i ‘ii P • and w hi ch  sat  is I y

m

I~~ c ‘,atS e ’ , -‘ ‘r i s t  .in I in and a l l i is ’ . 1 )

S i i i ’ .’ v is bounded • v ,. :, I 1 1 Ii , : hence, by the’ R i c ’s:. t l i . ’,’c cm • u i , 1 e ii ,

- - 
~~

‘- ( t : ,’ l u :  ill EI- i.~’l • p .  1 1 2 ) )

I e I ~ ( 1 , 1’~ — ~ t , i — i t t , ,  ( ,  ~) . S t r i ~ ’c’ ~ I , t he  boundary val u~’e ~ II • t’’ at e

—
- l i - I  tn c’d almost ,‘ve ’ t vw h e i e ’ •uii , I  I’s ’t CSofl  a f o t r n u l , i  holds  l~~ol u :  i n  I 1’~c- ’~ • ~

- . 101 , I ’ i ie . ’, i  e. ’m I

Kud in ( I  ~~~~~~ , p . . L’ ) ) ;  t h a t  i

~~~~ , 1) 1  — 
~
‘,, I ~l l . l~ i 

I — i 
- ,

— 0 1 — 2 r  ~~~~ *

e ’ u ‘ - i t i s  v i ,~ , I ‘ , S i n , - e ’ , t ’  t s .e ic ’ - - i t at ’  I t ’ , , ‘t , t , u t i  - Ut  i-c • i - c  1 t i l l

.1 ” ‘ ‘0, 1 , 1 ’  ““ 5 0 1 5  - ‘ I  l ie ’ , O i t t )  0 .~0l - ‘ s)il ~~ w i t  hi s, ’t 5 0 t ~~~tlt ’ i~~ i l l  ~ 
•
~~~) ,‘ .0) ~ k - - - ’ ~i - ’

r

p . 42’, I ’hie ’, ’% em ,‘‘ . t h u s  I ~ U , M , e . e ’ . on ~1’ . Re’me’mlse ’t i l~~n t inc  I I ~l c ’ w e l  ‘ 1 )11
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F i n a l l y ,  s tnc -e  t~~ -;‘ is h a rmonic  i i  S and ç ’ a t t a i n s  its m i n i m u m  on I’ , the Itop f , - 
-

P V I O 5 ’ t ( l e . ’ I I u l I l l e S  tha t

R n Q = 2 < o, on r . (3.14)

We now ude Lemma 2.2 to express 3Q/~n in terms of the boundary data for u

on r and the curvature K of I’. Direct computation shows that, on F.

U = fl/2 U~ U = rt/2

U u —~~~n ~~~—~~‘-n ~~~= + ~~/2 ,
n n 2 1 3x  2 23y

= ~~~ + K U  = + K~ /2 =

= U~~ KU = - l(fl/2 = ‘ K f l

U~ 0 =~~~Utt
_ K ~

Thus , since = U~~ +

QQ U U  + U U
n n n n  t n t

= —K ~~
2
/2 — Kfl 2/2

-K/2 . (3.15)

Together, (3.14) and (3.15) show that K > 0 so that  I’ is convex .
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I~ ’j~~n d i x :  l-O ’tti al I~ ’~ au t U e  5e. ’t i , ’t i l  1tI.” .l M,i ~ lus t s ’  I t  i~ i ’ - i  - I ’

i t  t i-s n i ,c t u t  c i  t ,‘ I i ’y  I we’.CIc, ’n t ite -c s u ; u i m ( ’ I  S ‘ ‘ lO~ ‘ ‘ I  (.e’flI.Lii t% .‘ , I 1 * ’ ’ , t ~ i ’ e ’  t h i t ’ . would

~~u m ~ l i t ’ , . * , t h  t a t  i n u ~ i I ‘“ 1~~ uun d , i r y  j-i . :h-lo m s. 1 - 1  ex amp le . in  t h u i  -. J O g - l ’ ~ I ) * •

i’ S l i s’) - t  1 - t i  t hi .c t II  is Lw uu t i d e’d (set’ (I . 14 ’) )  was o n l y  needed is’’ I hat  I ,t’nun.i •‘ , 1 coil 1,1

h~’ a~ -~ - l  t ,‘,t . rh.’ i-n ,,, ’ I t h a t  1) i s  bounded (Friedman II ‘17(.I ) i s  not t ;t I Si ~I,I r’’r.~ii d

.intd it  w ’ti  1,1 t ’e’ ni~’~’ ii i t could 1’,’ avoided .

rh i ,“~ t i u l  c ’ i ’ l c ’ I I t  i n  I-emma 2 . 1  that v he bounded c-an be rep l a ced by the weaker

S t  i 0 f l  tJ i ,l t v ( , (  t~ ) 1 V h 2 , but  t h is  is not a very conven i en t  hypo thes iu ;  t i ~ ch i .u ’k.

A l t e . ’ i n s’it iv e l y .  on i.’ ,‘~‘m i l , l  r e qu i r e  tha t  u + iv V (0) ( Gu l u z ln  1 1 1 ( 0 , p.  4~~H )

I r  iwa law I l - i ’ ,,, , p .  1881 1

In  app l i c a t io n s we w i l l  u s u a l l y  know tha t

If  (u 2 
+ v 2 )dxdy  .. , (A .l)

0

so tha t  u and v both belong to the space L2H ( 0 )  which con sists  ( i i i  l i e . ’  ( I  5102 ,

p. 3 2 5 1 )  of f unc t ions  ~ which  are harmonic  in It and satisfy

f J  ~~ dxdy . ( A .  .~~

I t  i s  tempting t ’ ’  con jec tu re  tha t  if u , v V t,
2

8 ( t , )  then c t , s’ K It , • h u t  t h u s

is not t r ue  as the f o l l o w i ng  example  shows . I,e t 0 — U , so t h a t  ~, — ‘. Sot

u ( z )  ~ i v ( z )  — 
~ 

~
n

’~ l ( A .  1 1

i i — I

E x p a n d i ng  u and v in  Fou r i e r  set- i t’s and t u n i n g  the  at  t l t , l s t - ’l l , c l i  t y  .‘ttt t i , ’ i i ’ s . t

sin nil and 005 t i i 1  we’ e.’” I hat

~01

f ~ 2 (r , I t ) d ~ — f 2~~ , l l ) d t t  — V 
~ 

“II  
( u’u . 4 1

0 1) I I I

t 

I’h,is ii . v V 1,
2

11(1) ) b a i t  u , v  f It ,, . Furl h ot  n i - , . ’ • u si  no -c e’’ . i u  ( I q i ’.’,- uu Pr 1’ i t .  I lmal  ‘Si

I 1’~ t I  . p.  1’’ I , I i  -~h ’le ’m I ~i • We Set” t hat

1 ’ ~ 
‘

• f l . ’ • f I r . ’ I — I iv  — f , t t  ,

a’’ ( h i t I’ ( t ’ ) I S  ‘ , , t t t  i l l u i e l l i 5  tn  I ’  e ’ x ’ c ’ p t  t i l  ,‘ • I .

I
5 ’ -  
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sl * ’hi i  i I I ’ J  It’ )S7I h i ’ * ’ • ’  .~ 1i -n ’  ‘I’ I ’ u l ) i  l1 ’~’~~ , ) , , ~ I ) * ’ ) )  i I ’ ,, ’ , h i ,  u u i , i x i t f l , i h  h l i ’ - ’ i . ’ i t i  ‘ ‘ I  l i i i

and L , it t l ewood  to I’ i~~SV~ ’ t h . -ct i t  U 1 1 . 5 1 ( 0 )  t l e n ,  h u t  ,i l nti ’ ’ st  a! I ‘- ,

u ( z )  • , i ( j l — i z i i ’ 2 ) ~s z in  atcy f u x e . , I  ~‘ t u l .  d o m a in  w u t h i  s- • - t u . ’ x •- •

Lln fortunat ,e ’  1 y ,  th is  i’esu I t  i a not q u i t e ’  s I  t ons cnouqh I, ’’ ! -
~ 

iv. ’  tj i ,ct ii u , .  I”  ‘u t i , h , - ~h

even i f  we assume tha t  it is bounded oti I I I  I X  ‘~~~I , ct  ~‘. — I . - ‘ I  h i . - t - w  u ’ .’ , by m. iI’I - i 151

U onto the right h a l f  I’ lsnie ’  we cou Id , ‘s’nu ’ lu u l e  t h i t  .u Iu a t - nne . ’u t  i a ( s u n ,  - t  t ‘ ‘ i t  , - n  t i n ’  t i ’ ’ C u I

half p Lane. ’ w hi ch  has bouncjt ’cI I Imi  t.s ui I t ie ’ im ,Is; i 11,0 ‘~‘ SIX i t S , ,ln(I h “ ‘ t i , ,  h . 4 )  ;Z I ,Wl Ii i l ’ ’,i i

t h e  i’e~~l a x is , must be Itotun,1ts I . This  would -an sI  i t  lit. ’ a ~ u th ’ ’ ; t m i t  n , t l ,, i  i .- i i ’ l t  ho iu  i tt ’;

of the’ I ’hras-tmti n — l ,i tide.’ l o t  I ’r I 1k’ i )  I.’ ( I i  s i t  t , ~~l and We’ I t ibe. ’t’qen’ I L - ~ ’7 • ~ ‘ . ‘ C 4 ) )

In  s’on, - l u s i on , we.’ ,ubse t ’v , ’ t h i d  I hi. ’ tu. ’ b i , i v i , ’ u u t ’  ~~l s, ’l  l i t  ‘ ‘t i n , -f ‘‘I I 1 ) - I  I ,  ‘ • ‘s ) t u , i t  l ol l ’

near corners hi,i ,, t’.’,’i i considered by s\h~t n t i u i i  I t  45,)) ) • kond r a t  • t’V 1.0 . ?  , M i l l  or

197 11 and ;t i n v a i , I  ( I l l ’ ’ ) ) .  ‘l’hesc r e su l t s  s i t , ’  not  t iitnii. ’~h i . c t ’ I y  . c h ’ I ’ i  j , ’,i !’ l e ’  I . ’ t h e

present prob lem because’ they r e q u i r e  knowledge of th e  beht~ vi t ’ suu  a l  the  h t , ’e’ b ou t idaty

near i t s  en dp oin t s .  Of - u n u i s t ’ , once it is known t h a t  1’ is  d i f f e ’r~~nt  i , i h l ,’ ,c t  i t ’ -

endpoints  then t h i s  work w i l l  y i e l d  u s e f u l  i n f o r m a t ion  about the  b t ’h aviou i’ oh I I I , ’

so lu tion  can be ob t ained .
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